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[KP1] H.Kraft C.Procesi $\mathfrak{g}1(n, \mathbb{C})$ $\mathfrak{g}1(r,$
$0)$ duality $\mathrm{L}$
[KP1] $\eta_{\text{ }}\sigma$ $\mathfrak{g}1(n, \mathbb{C})$ $C_{\eta\text{ }}C_{\sigma}$
$\eta_{\text{ }}\sigma$ $n-m$ ( ) $\eta_{\text{ }^{}\prime}\sigma’$
1 Young $m$ , $\mathbb{C}$)
$C_{\eta^{J_{\text{ }}}}C_{\sigma’}$
$\overline{C_{\eta}}\supset C_{\sigma}$ $\overline{C_{\eta’}}\supset C_{\sigma’}$
$Sing(\overline{C_{\eta}},C_{\sigma})=Sing(\overline{C_{\eta’}}, C_{\sigma’})$
(smooth equivarence class $Sing(, )$ [ Definition2.15
[KP2] $(\mathfrak{g}1(n, \mathbb{C}),\mathfrak{g}1(m, \mathbb{C}))$ Lie $\sqrt$
duality analogue
$[\mathrm{O}1]_{\text{ }}$ [O2] symmetric pair $[$
$((\mathfrak{g}\mathfrak{l}(n, \mathbb{C}),$ $\mathrm{o}(n, \mathbb{C})),$ $(\mathfrak{g}1(m, \mathbb{C}),$ $\mathrm{o}(m, \mathbb{C})))$ ,
((g (2n, $\mathbb{C}$), $\epsilon \mathfrak{p}(2n,$ $\mathbb{C})$ ), $(\mathfrak{g}\mathrm{I}(2m,$ $\mathbb{C}),\epsilon \mathfrak{p}(2m,$ $\mathbb{C}))$ ) ( [O1]),
$\langle$ $(\mathfrak{g}1(p+q, \mathbb{C})$ , g (p, $\mathbb{C}$ ) $+\mathfrak{g}\mathfrak{t}(q, \mathbb{C}))),$ $((\mathfrak{g}1(r+s, \mathbb{C}),$ $\mathfrak{g}1(r, \mathbb{C})+\mathfrak{g}\mathfrak{l}(s, \mathbb{C})))$,
$((o(p+q, \mathbb{C}),$ $\mathrm{o}(p, \mathbb{C})+\mathrm{o}(q, \mathbb{C}))$ , ( $(2n,$ $\mathbb{C}),$ $\mathfrak{g}1(n,$ $\mathbb{C})$ ) $)$ ,
(0 (p+q, $\mathbb{C}$), $\epsilon \mathfrak{p}(p,$ $\mathbb{C})+\epsilon \mathfrak{p}(q,$ $\mathbb{C})$ ), $(\mathrm{o}(2n, \mathbb{C}),$ $\mathfrak{g}\mathrm{I}(n, \mathbb{C})))$ ( $[\mathrm{O}2]$ )
duality
moment map $\mathrm{K}\mathrm{r}\mathrm{a}\mathrm{f}\mathrm{t}_{\text{ }}$ Procesi dual pair
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dual pair dual pair $(U(p, q),U(r, s)),$ $(O(p, q),Sp(2n, \mathbb{R}))$ ,
$(Sp(p, q),O^{*}(2n))$ stable range $\theta$-lifting ([N3])
([NI],[N2]) Howe
compatible ([N4],[NZ],[NOT],[Y])
dual pair $(U(p, q),U(r, s))$ moment map
$\epsilon(V)arrow 0:arrow\epsilon(U)$
$\mathfrak{g}1(p+q+r+s, \mathbb{C})$ $\mathbb{Z}_{4}$-gradation
monent map $\epsilon(V)$ , , $\epsilon(U)$
$N(\epsilon(V))/K(V)arrow N(\emptyset:)/K(V)\cross K(U)arrow N(\epsilon(U))/K(U)$
explicite (Assumption 24) $\emptyset i$ (resp. $\epsilon(U)$ )









\S 1. $\mathbb{Z}_{m}$-graded Lie
(1.1) $\mathbb{Z}_{m}$-graded Lie ffl
$G$ reductive $\mathfrak{g}$ Lie $m$ $\Theta$ : $Garrow G$ $G$
\Theta m=id $\Theta^{j}\neq id(1\leq j<m)$ $$ Lie
$\Theta$ : $\mathfrak{g}arrow \mathfrak{g}$ $\zeta:=e^{2\pi i/m}$
$G_{1}=\{g\in G;\Theta(g)=g\},$ $\mathfrak{g}_{\delta}:=\{X\in \mathfrak{g};\Theta(X)=\delta X\}(\delta\in<\zeta>)$ ,
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$<\zeta>$ $\zeta$ $\mathbb{C}^{\cross}$ \sim
$\mathfrak{g}=\oplus_{\delta\in<\zeta>\emptyset\delta}$





$V$ $m$ $S:Varrow V$ $V$
$S^{m}=id_{\text{ }}S^{j}\neq id(1\leq j<m)$ $G=GL(V)_{\text{ }}\mathfrak{g}=\mathfrak{g}1(V)$
$S$ $G$ $\Theta$ : $Garrow G,$ $(g)=SgS^{-1}(g\in G)$ (1.1)
$\zeta:=e^{2\pi i/m}$ $\Theta$ $(G_{1}, \mathfrak{g}_{\zeta})$ $\delta\in<\zeta>$ $V_{\delta}:=\{v\in V;Sv=\delta v\}$
$V$





Definition 1.1 (i) box $<\zeta>$ Young $\eta$ $\delta\in<\zeta>$
box box $\zeta\delta$ $\zeta>$
$i$ $i^{2}$ $i^{3}$ 1 $i$ $i^{2}$
$\mathrm{e}.\mathrm{g}$ . $\eta=$ 1 $i$ $i^{2}$ $i^{3}$ 1 $i$ ( $m=4$ )
$i^{3}$ 1 $i$ $i^{2}$
(ii) $<\zeta>$ $\eta$ $\delta\in<\zeta>$ $\eta$ $\delta$ $n_{\delta}(.\eta)$ $n_{\zeta}j(\eta)=$
$nj(0\leq j\leq m-1)$ $<\zeta>$ $D(n_{0}, n_{1}, n_{2}, \ldots.n_{m-1})$
$(\mathrm{i}\mathrm{i}\mathrm{i})<\zeta>$
$\eta$ 1 $<\zeta>$ $\eta’$ $<\zeta>$ \eta (
$\eta^{(j\rangle}=(\eta^{(j-1)})’$ [
e.g. (i) $i>$ $\eta$
$i^{2}$ $i^{3}$ 1 $i$ $i^{2}$
$\eta’=$ $i$ $i^{2}$ $i^{3}$ 1 $i$ ,
1 $i$ $i^{2}$
$i^{3}$ 1 $i$ $i^{2}$
$\eta^{(2)}=i^{2}$ $i^{3}$ 1 $i$
$i$ $i^{2}$
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$n_{\ovalbox{\tt\small REJECT}}\ovalbox{\tt\small REJECT}_{\ovalbox{\tt\small REJECT}}\dim V\ovalbox{\tt\small REJECT} j(0\ovalbox{\tt\small REJECT} j\ovalbox{\tt\small REJECT} m-\mathfrak{y}$ N(g $G$ , [ $D(n_{0}, n,, n_{2,\ovalbox{\tt\small REJECT}}., n_{m-}’)$
Proposition 1.2 (i) $x\in N(\mathfrak{g}_{\zeta})$ $V_{1}\cup V_{\zeta}\cup V_{\zeta^{2}}$ U. . . $\cup V_{\zeta^{m-1}}$ $V$
$\{v_{j}^{k}; 1\leq k\leq p, 0\leq j\leq r_{k}\}$
$v_{0}^{kxkxkxxkx}arrow v_{1}arrow v_{2}arrow\ldotsarrow v_{r_{k}}arrow 0$,
$(xv_{j}^{k}=v_{j+1}^{k}(0\leq j\leq r_{k}-1), xv_{f}^{k}k=0)$
(ii) $1\leq k\leq p$ $v_{0}^{k}\in V_{\delta_{k}}(\delta_{k}\in<\zeta>)$ 1 $\zeta>$
$\eta_{k}$
$\eta_{k}:=\delta_{k}$ $\zeta\delta_{k}$ $\zeta^{2}\delta_{k}$ $k$
$p$ $\zeta>$





$N(\mathfrak{g}_{\zeta})arrow D(n_{0}, n_{1}, n_{2}, \ldots.n_{m-1})$ , $x\vdash*\eta_{x}$
$N(\mathfrak{g}_{\zeta})/G_{1}\simeq D(n_{0},n_{1},n_{2}, \ldots.n_{m-1})$
(1.3) closure relation




$\mu=i^{2}$ $i^{3}$ 1 $ii^{2}$ $i^{3}$ 1 $i$ , $\eta=i^{3}$ 1 $ii^{2}$ $i^{3}$ 1 $ii^{2}$ $i^{3}$ 1 $ii^{2}$




$\eta=1$ $i$ $i^{2}$ $i^{3}$ 1 $i$
$\eta$ 6 8 $\eta$
$i^{2}$ $\triangle(\eta, \mu)=1$
.)
Proposition 1.3 $x\in N(\mathfrak{g}_{\zeta})$ $\eta=\eta_{x}\in D(n_{0}, n_{1}, n_{2}, \ldots.n_{m-1})$
$\zeta>$ $\eta$ 1 $\zeta>$ $\eta_{j}$




closure relation Young ab ($<-1>$
) ($m=2$ [O2] ) $\text{ }$ ab
$<\zeta>$
$’.\backslash$
Deflnition $1.4<\zeta>$ $\eta,$ $\mu\in D(n_{0}, n_{1}, n_{2}, \ldots.n_{m-1})$ [ . $\delta\in<\zeta>$
$j\geq 0$ n\mbox{\boldmath $\delta$}(\eta ( )\geq n\mbox{\boldmath $\delta$}(\mu ( ) $\eta\geq\mu$
$x\in N(\emptyset\zeta)$ $<\zeta>$ $\eta=\eta_{x}$ $\delta\in<\zeta>$ $j\geq 0$
$\mathrm{r}\mathrm{k}(x^{j}|V_{\zeta^{-j}\delta} : V_{\zeta^{-j}\delta}arrow V_{\delta})=n_{\delta}(\eta^{(j)})$
Proposition 15 $O_{j}\in N(\mathfrak{g}_{\zeta})/G_{1}(j=1,2)$ ’ $\eta_{j}\in D(n_{0}, n_{1}, n_{2}, \ldots.n_{m-1})$




$m\ovalbox{\tt\small REJECT} 1\backslash m\ovalbox{\tt\small REJECT} 2$ Proposition 15 ( $m\ovalbox{\tt\small REJECT} 2$ [02] )
Conjecture 1.6 Proposition 15
$1\supset O_{2}\Leftrightarrow\eta_{1}\geq\eta_{2}$ .
\S 2 $\mathrm{d}\dot{\mathrm{u}}\dot{\mathrm{a}}\mathrm{l}$ pair $.(U(p, q),$ $U(r, s))$ moment map
(2.1) moment map
$V$ $sv$ : $Varrow V$ $(V, s_{V})$
$GL(V)$ $\theta_{V}$ $\theta_{V}(g)=s_{V}gs_{V}(g\in$
$GL(V))$
$V_{a}:=\{v\in V;s_{V}v=v\},$ $V_{b}:=\{v\in V;s_{V}v=-v\}$ ,
$n_{a}:=\dim V_{a},$ $n_{b}:=\dim V_{b}$ ,
$K(V):=GL(V)_{1}=\{g\in GL(V);\theta_{V}(g)=g\}\simeq GL(V_{a})\cross GL(V_{b})$,
$\mathrm{t}(V):=\mathfrak{g}\mathfrak{l}(V)_{1}=\{X\in \mathfrak{g}1(V);\theta_{V}(X)=X\}$,
$\epsilon(V):=\mathfrak{g}1(V)_{-1}=\{X\in \mathfrak{g}1(V);\theta_{V}(X)=-X\}$
$(GL(V), K(V))$ Lie $U(n_{a}, n_{b})$ (1.2) $\epsilon(V)$ $K(V)$
$-1>$ ;
$N(\epsilon(V))/K(V)\simeq D(n_{a},n_{b})$
$a=1_{\text{ }}b=-1$ $D(n_{a}, n_{b})$ $a$ $n_{a\text{ }}b$ $n_{b}$ ab
$(U, su)$ 1 $\theta_{U},$ $U_{a},$ $U_{b},$ $K(U),$ $f(U),$ $\epsilon(U)$
$m_{a}=\dim U_{a},$ $m_{b}=\dim U_{b}$ $(GL(U), K(U))$ $U(m_{a}, m_{b})$
$(V, sv)$ $(U, s_{U})$ [
$L:=\mathrm{H}\mathrm{o}\mathrm{m}\mathrm{c}(U, V)\cross \mathrm{H}\mathrm{o}\mathrm{m}\mathrm{c}(V, U)$
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$GL(V)\cross GL(U)$ $L$
$(g, h)(P, Q)=(gPh^{-1}, hQg^{-1})((g, h)\in GL(V)\cross GL(U),$ $(P, Q)\in L)$
2
$\mathfrak{g}1(V)4- Larrow \mathfrak{g}\downarrow(\pi U),$ $\rho(P, Q)=PQ$ , $\pi(P,Q)=QP((P, Q)\in L)$
$GL(V)\mathrm{x}GL(U)$ $L$
$L_{+}:=\{(P,Q)\in L;s_{V}Ps_{U}=P, s_{U}Qs_{V}=-Q\}$
$\rho,$ $\pi$ $L_{+}$ $K(V)\cross K(U)$
$\epsilon(V)4- L_{+}arrow\epsilon(\pi U)$
dual pair $(U(n_{a}, n_{b}),$ $U(m_{a}, m_{b}))\llcorner\star Sp(L\mathbb{R})$ moment map
$\mathrm{u}(n_{a}, n_{b})^{*}arrow L_{\mathrm{R}}arrow \mathrm{u}(m_{a}, m_{b})^{*}$
$K\mathrm{c}$-version
(a) $L$ symplectic form $(, )_{L}$
(b) $L$ $L_{\mathrm{R}}$ $\mathrm{m}\mathrm{n}$ $L_{\mathrm{R}}=\dim L_{\text{ }}$ LR\otimes C=L $(, )_{L}|L\mathrm{R}$
symplectic form
(c) $GL(V)$ (resp. $GL(U)$ ) $GL(V)_{\mathrm{R}}\simeq U(n_{a}, n_{b})$ (resp. $GL(U)_{\mathrm{R}}\simeq U(m_{a},$ $m_{b})$ )
Cartan involution $\theta_{V}|GL(V)_{\mathrm{R}}$ (resp. $\theta_{U}|GL(U)_{\mathrm{R}}$ )
Proposition 2.1 (i) $GL(V)_{\mathrm{R}}$ $GL(U)_{\mathrm{R}}$ $L$ $L_{\mathrm{R}}$ $(, )_{L}$
$(GL(V)_{\mathrm{R}}, GL(U)_{\mathrm{R}})\mathrm{c}arrow Sp(L\mathrm{R})$
(ii) $-i\rho(L\mathrm{R})\subset \mathfrak{g}1(V)_{\mathbb{R}}=Lie(GL(V)_{\mathrm{R}})$ $i\pi(L\mathrm{R})\subset \mathfrak{g}1(U)_{\mathrm{R}}=Lie(GL(U)_{\mathrm{R}})$
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(iii) $V$ (resp. $U$ ) $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}$ form $\mathfrak{g}1(V)_{\mathrm{R}}\simeq \mathfrak{g}1(V)_{\mathrm{R}}^{*}=\mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{R}}(\mathfrak{g}1(V)_{\mathrm{R}}, \mathbb{R})$
(resp. $\mathfrak{g}1(U)_{\mathrm{R}}\simeq \mathfrak{g}1(U)_{\mathrm{R}}^{*}$) 1 $-i\rho|L\mathrm{R}$ : $L_{\mathrm{R}}arrow \mathfrak{g}1(V)_{\mathrm{R}}^{*}$ (resp. $i\pi|L_{\mathrm{R}}$ : $L_{\mathrm{R}}arrow \mathfrak{g}1(U)_{\mathrm{R}}^{*}$
$)$ [ $GL(V)_{\mathrm{R}}$ (resp. $GL(U)_{\mathrm{R}}$ ) symplectic $(L\mathrm{R}, (, )_{L}|L\mathrm{R})$
moment map (moment map [F] $\mathrm{A}\mathrm{a}_{\text{ }}$ )






moment map maximally totally isotropic subspace $L_{+}$
$\epsilon(V)$ A $L_{+}arrow\epsilon(\pi U)$ moment map
(2.2) moment map
$(V, s_{V})_{\text{ }}(U, s_{U})$ (2.1)
$W:=V\oplus U$, $G:=GL(W)$ , $\mathfrak{g}=\mathfrak{g}\downarrow(W)$
$W$ $S:Warrow W$
$S=(\begin{array}{ll}S\gamma 00 -is_{U}\end{array})$
$\Theta$ : $Garrow G$, $\Theta(g)=SgS^{-1}(g\in G)$
$\Theta$ $G$ order 4 $\Theta$ (Gl\sim
$G_{1}=\{(\begin{array}{ll}g 00 h\end{array})$ ; $g\in K(V),$ $h\in K(U)\}\simeq K(V)\cross K(U)$ .
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$\Theta(\begin{array}{ll}A BC D\end{array})=(\begin{array}{ll}s_{V}As_{V} is_{V}Bs_{U}-is_{U}Cs_{V} s_{U}Ds_{U}\end{array})$
$\mathfrak{g}_{i}=\{(\begin{array}{ll}0 PQ 0\end{array})$ ; $P\in \mathrm{H}\mathrm{o}\mathrm{m}\mathrm{c}(U, V),$ $Q\in \mathrm{H}\mathrm{o}\mathrm{m}\mathbb{C}(V, U),$ $s_{V}Ps_{U}=P,$ $s_{U}Qs_{V}=-Q\}\simeq L+$
$L_{+}\simeq \mathfrak{g}_{i}$ , $(P, Q)\vdasharrow(\begin{array}{ll}0 PQ 0\end{array})$
$G_{1}=K(V)\cross K(U)$
Remark 2.2 (i) $V_{a}=W_{1},$ $U_{b}=W_{i},$ $V_{b}=W_{-1},$ $U_{a}=W_{-};\text{ }$
$\emptyset:=\{X\in \mathrm{E}\mathrm{n}\mathrm{d}(W); XW_{\delta}\subset W_{i\delta}(\delta\in<i>)\}$
[ $W_{\delta}arrow W_{i\delta}(\delta\in<i>)$ 4 $=\forall-\cdot,.\dot{j}\cdot.\cdot\backslash$:
$\mathfrak{g}_{i}=\{\begin{array}{lllll} V_{a} Q_{a}arrow U_{b} P_{a} U_{a}\uparrow Q_{b}arrow V_{b}\downarrow P_{b}\end{array}\}$
(ii) $X=(\begin{array}{ll}0 PQ 0\end{array})\in$
$X^{2}=(\begin{array}{ll}PQ 00 QP\end{array})=(\begin{array}{ll}\rho(X) 00 \pi(X)\end{array})$
$\rho(X)=X^{2}|_{V}$ and $\pi(X)=X^{2}|u$
(1.2)
$N(\epsilon(V))/K(V)\simeq D(n_{a}, n_{b}),$ $C_{\eta}rightarrow\eta$
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$N(\epsilon(U))/K(U)\simeq D(m_{a}, m_{b}),$ $C_{\sigma}rightarrow\sigma$
$N(\mathfrak{g}:)/G_{1}=N(0)/K(V)\cross K(U)\simeq D(n_{a},m_{b},n_{b},m_{a})$ , $O_{\mu}rightarrow\mu$
$D(n_{a}, n_{b})_{\text{ }}D(m_{a}, m_{b})$ $a=1_{\text{ }}b=-1$ ab
$O_{\mu}\in N(\mathfrak{g}_{*}.)/K(V)\cross K(U)$ $\rho(O_{\mu})$ (resp. $\pi(O_{\mu})$ ) $\epsilon(V)$ (resp. $\epsilon(U)$ )
$K(V)$ (resp. $K(U)$ ) ab $\rho(\mu)\in D(n_{a}, n_{b})$ $\pi(\mu)\in D(m_{a}, m_{b})$
$\rho(O_{\mu})=C_{\rho(\mu)},$ $\pi(O_{\mu})=C_{\pi(\mu)}$
$\rho(\mu)_{\text{ }}\pi(\mu)$
Proposition $2.3<i>$ $\mu\in D(n_{a}, m_{b}, n_{b}, m_{a})$ $\rho(\mu)$ $\mu$ $\pm i$
1 -1 $a$ $b$ ab $\pi(\mu)$ $\mu$ $\pm$. $1$
$-i$ $i$ $a$ $b$ ab
$i$ -1 $-i$ 1 $i$ -1
Example $\mu=$ 1 $i$ -1 $-i$ 1 $i$ $\in D(4,5,4,3)$
$-i$ 1 $i$ -1
$b$ $a$ $b$
$b$ $a$ $b$
$\rho(\mu)=a$ $b$ $a$ and $\pi(\mu)=b$ $a$ $b$
$a$ $b$ $a$
$b$
$d_{a}:=n_{a}-m_{a\text{ }}d_{b}:=n_{b}-m_{b}$ $\epsilon(V)$ $\epsilon(U)$ ( $\theta$-lifting)
Assumption 2.4 (i) $\min\{n_{a}, n_{b}\}\geq\max\{m_{a}, m_{b}\}$
(ii) $d_{a}>0$ or $d_{b}>0$
Proposition 2.5 ([O2, Proposition 3]) (i) $\pi$ : $\mathfrak{g}_{i}arrow\epsilon(U)$ $\rho(\mathfrak{g}_{i})$
$\rho(\mathfrak{g}:)=\{X\in\epsilon(V);\mathrm{r}\mathrm{k}(X|V_{a} : V_{a}arrow V_{b})\leq m_{b}, \mathrm{r}\mathrm{k}(X|V_{b} : V_{b}arrow V_{a})\leq m_{a}\}$
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(ii) $\pi$ : $\mathfrak{g}_{i}arrow\epsilon(U)$ $\rho$ : $arrow\epsilon(V)$ $K(V)_{\text{ }}K(U)$
$\pi^{*}(\mathbb{C}[\epsilon(U)])=\mathbb{C}[\mathfrak{g}_{i}]^{K(V)}$ and $\rho^{*}(\mathbb{C}[\epsilon(V)])=\mathbb{C}[9:1^{K(U)}$
moment map , $\epsilon(V),$ $\epsilon(U)$
$\mathfrak{g}_{i}’,$ $\epsilon(V)’,$ $\epsilon(U)’$
$\mathfrak{g}_{i}’:=\{(\begin{array}{ll}0 PQ 0\end{array})$ ; $\mathrm{r}\mathrm{k}(P)_{\text{ }}\mathrm{r}\mathrm{k}(Q)$ }
$=\{\begin{array}{lllllllllll} V_{a} Q_{a}arrow U_{b} P_{a} U_{a}\uparrow Q_{b}arrow V_{b}\downarrow P_{b} . Q_{a} Q_{b} \text{ _{ }} P_{a} P_{b} \text{ }\end{array}\}$ ,
$\epsilon(V)’:=\{X\in z(V);\mathrm{r}\mathrm{k}(X|V_{a} : V_{a}arrow V_{b})=m_{b}, \mathrm{r}\mathrm{k}(X|V_{b} : V_{b}arrow V_{a})=m_{a}\}$,
$\epsilon(U)’:=\{\mathrm{Y}\in\epsilon(U);\mathrm{r}\mathrm{k}(\mathrm{Y}|U_{a} : U_{a}arrow U_{b})\geq mb-da’ \mathrm{r}\mathrm{k}(\mathrm{Y}|U_{b} : U_{b}arrow U_{a})\geq m_{a}-d_{b}\}$
$\mathfrak{g}_{i}’$ (resp. $\epsilon(U)’$ ) $\emptyset$:(resp. $\epsilon(U)$ ) open subvariety $\epsilon(V)’$ $\rho(\mathfrak{g}_{i})$
open $\epsilon(V)$ locally closed subvariety $\rho_{\text{ }}\pi$
Proposition 2.6 (cf. [O2, Lemma 9]) (i) $\pi(\mathfrak{g}_{i}’)=\epsilon()U)_{\text{ }^{}\prime}\rho(\mathfrak{g}_{i}’)=\epsilon(V)’$
(ii) $\rho|_{\mathfrak{g}_{j}’}$ : $\mathfrak{g}_{i}’arrow\epsilon(V)’$ locally trivial typical fibre $K(U)$
(iii) $\pi|_{\mathfrak{g}_{*}’}$. : $\mathfrak{g}_{i}’arrow\epsilon(U)$ ’ relative dimension $(n\text{ }+n_{b})(m_{a}+m_{b})-2m_{a}m_{b}$ smooth morphism
(iii) relative dimension [O2] relative dimension
(1.3)
Remark 2.7(cf, $[\mathrm{K}\mathrm{P}2,12.2]$ ) $f$ : $Xarrow \mathrm{Y}$ relative dimension $r$














$D(n_{a}, m_{b}, n_{b}, m_{a})’:=$ { $\mu\in D(n_{a},$ $m_{b}.’ n_{b},$ $m_{a}..);\mu$ $\pm 1$ $\pm 1$ }
$D(n_{a}, n_{b})’:=$ { $\eta\in D(n_{a},$ $n_{b});\eta$ 1 $\mathrm{d}[_{\llcorner}^{\vee}$ }
$D(m_{a},m_{b})’:=\{\sigma\in D(m_{a},m_{b});n_{a}(\sigma_{1})\leq d_{b}, n_{b}(\sigma_{1})\leq d_{a}\}$ ,
$\sigma_{1}$ $\sigma$ 1 $\sigma\in D(m_{a}, m_{b})$ $\sigma\in D(m_{a}, m_{b})’$
$\eta\in D(n_{a}, n_{b})$ $\eta’=\sigma$ $\eta$ 1 $\mathrm{d}$
Lemma 2.8 (i) $<i>$ $\mu\in D(n_{a}, m_{b}, n_{b}, m_{a})$ $O_{\mu}\in N(\mathfrak{g}-)/K(V)\mathrm{x}$
$K(U)$ $O_{\mu}\subset \mathfrak{g}_{i}’$ $\mu\in D(n_{a}, m_{b}, n_{b}, m_{a})’$
.
$N(\mathfrak{g}.\cdot)/K(V)\mathrm{x}K(U)\simeq D(n_{a},m_{b},n_{b},m_{a})’$
(ii) ab $\eta\in D(n_{a}, n_{b})$ $C_{\eta}\in N(\epsilon(V))/K(V)$ $C_{\eta}\subset\epsilon(V)’$
$\eta\in D(n_{a}, n_{b})’$ ;
$N(\epsilon(V)’)/K(V)\simeq D(n_{a},n_{b})’$
(iii) ab $\sigma\in D(m_{a}, m_{b})$ $C_{\sigma}\in N(\epsilon(U))/K(U)$ $C_{\sigma}\subset\epsilon(U)’$
$\sigma\in D(m_{a}, m_{b})’$ ;
$N(\epsilon(U)’)/K(U)\simeq D(m_{a},m_{b})$ ’
Theorem 2.9 (i) $\rho|N(\mathfrak{g}_{-}’)$ : $N(d-)arrow N(\epsilon(V)’)$ locally trivial typical
fibre $K(U)$
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$N(\epsilon(V)’)/K(V)$ $\Leftarrow$ $N(\mathfrak{g}_{i}’)/K(V)\cross K(U)$ $arrow-N(z(U)’)/K(U)$
$\downarrow l$ $\downarrow l$ $\downarrow l$
$D(n_{a}, n_{b})’$
$\underline{\underline{\rho}}$
$D(n_{a}, m_{b}, n_{b}, m_{a})’$
$\underline{\underline{\pi}}$
$D(m_{a}, m_{b})’$
(iv) (iii) closure relation $O_{\mu_{j}}\in N(\mathfrak{g}_{i}’)/K(V)\cross K(U)(j=1,2)$
$C_{\rho(\mu_{j})}=\rho(O_{\mu_{j}})\in N(\epsilon(V)’)/K(V),$ $C_{\pi(\mu_{j})}=\pi(O_{\mu_{j}})\in N(\epsilon(U)’)/K(U)$
$\overline{C_{p(\mu_{1})}}\supset C_{\rho(\mu_{2})}\Leftrightarrow\overline{O_{\mu_{1}}}\supset O_{\mu_{2}}\Leftrightarrow\overline{C_{\pi(\mu_{1})}}\supset C_{\pi(\mu_{2})}$
(i), (ii) Proposition 26 smooth morphism $\rho|_{\mathfrak{g}^{J}}.\cdot$ : $\mathfrak{g}_{i}’arrow\epsilon(V)’,$ $\pi|_{\mathfrak{g}_{\acute{j}}}$ : $\mathfrak{g}_{i}’arrow$
$U)’$ $\mathfrak{g}_{i}’$ $N(\mathfrak{g}_{i}’)$
(iii), (iv)
$N(\epsilon(V)’)/K(V)arrow.\cdot N\rho|N(\mathfrak{g}’)(\mathfrak{g}_{i}’)/K(V)\cross K(U)- 1^{9_{\acute{i}})}\pi|NN(\epsilon(U)’)/K(U)$
closure relation 1 1
$N(\epsilon(U)’)/K(U)-arrow N(\epsilon(V)’)/K(V)$
stable range $\theta$-lifting $(\mathrm{c}\mathrm{f}$, Remark $2.16,(\mathrm{i}\mathrm{i}))_{\text{ }}$
(iii) $>$ ab combinatorial (iv) $\rho,$ $\pi$ quotient map
Remark 27
Remark 2.10 $D(n_{a’ b}n)’$ $D(m_{a}, m_{b})’$ $\eta\vdasharrow\eta’$
$D(n_{a}, n_{b})’3D(m_{a}, m_{b})$ ’
Theorem 29, (iii) $D(n_{a}, n_{b})’3D(m_{a}, m_{b})’$
$\pi((\rho|D(n_{a}, m_{b}, n_{b}, m_{a})’)^{-1}(\eta))=\eta’(\eta\in D(n_{a}, n_{b})’)$
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$\theta$-lifting ab 1
Theorem 29 $\rho,$ $\pi$ N(g $N(\mathfrak{g}^{\underline{\prime}})$
Nr
Proposition 2.11 Theorem 2.9,(iii) $\eta\in D(n_{a}, n_{b})’$ $\}$
$\tilde{\eta}\in D(n_{a}, m_{b}, n_{b}, m_{a})_{\text{ }^{}\prime}\eta’\in D(m_{a}, m_{b})’$






$\mu\in D(n_{a}, m_{b}, n_{b}, m_{a})$ 0: $K(V)\mathrm{x}K(U)$ $\leq$
Definition1.4
(i), (ii), (iii) [02, Lemma 10]
(vi) $\mu\in D(n_{a}, m_{b}, n_{b}, m_{a})$ $D(n_{a}, m_{b}, n_{b}, m_{a})$ $D(m_{a}, m_{b})$
$\mu\leq\tilde{\eta}\Leftrightarrow\pi(\mu)\leq\pi(\tilde{\eta})$ . .. $(*)$
$(*)$ \Leftarrow rank Lemma
2.12
Lemma 2.12 (i) $\mu\in D(n_{a}, m_{b}, n_{b}, m_{a})$ $\ell\geq 0$
$\leq$
$n:(\mu^{(2\ell)})=n_{b}(\pi(\mu)^{(\ell)}),$ $n_{-:}(\mu^{(2\ell)})=n_{a}(\pi(\mu)^{(\ell)})$ ,
$n_{1}(\mu^{(2\ell)})\leq n_{a}(\pi(\mu)^{(\ell-1)}),$ $n_{-1}(\mu^{(2\ell)})\leq n_{b}(\pi(\mu)^{(\ell-1)})$ ,
$n_{1}(\mu^{(u+1)})\leq n_{a}(\pi(\mu)^{(\ell)}),$ $n_{-1}(\mu^{(2\ell+1)})\leq n_{b}(\pi(\mu)^{(\ell)})$ ,
$n:(\mu^{(2\ell+1)})\leq n_{b}(\pi(\mu)^{(\ell)}),$ $n_{-:}.(\mu^{(2\ell+1)})\leq n_{a}(\pi(\mu)^{(\ell)})$
(ii) $\mu\in D(n_{a}, m_{b}, n_{b}, m_{a})’$ (i)
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$(*)$ \Rightarrow combinatorial Lemma
Lemma 213
$D(n_{a}, n_{b})$ f- $D(n_{a}, m_{b},n_{b}, m_{a})arrow D\pi(m_{a}, m_{b})$
Assumption 2.4 $\mu\in D(n_{a}, m_{b}, n_{b}, m_{a})$ $k\geq 0$
$n_{1}(\mu^{(2k)})=n_{a}(\rho(\mu)^{(k)}),$ $n_{-1}(\mu^{(2k)})=n_{b}(\rho(\mu)^{(k)})$
$n_{i}(\mu^{(2k)})=n_{b}(\pi(\mu)^{(k)}),$ $n_{-i}(\mu^{(2k)})=n_{a}(\pi(\mu)^{(k)})$
[ $\mu_{1},$ $\mu_{2}\in D(n_{a}, m_{b}, n_{b}, m_{a})$ $\mu_{1}\geq\mu_{2}$ $\rho(\mu_{1})\geq\rho(\mu_{2})_{\text{ }}\pi(\mu_{1})\geq\pi(\mu_{2})$




(ii) $\pi^{-1}(C_{\eta’})$ 1 $K(V)\cross K(U)$
(iii) $\pi(\rho^{-1}(\overline{C_{\eta}}))\supset\overline{C_{\eta’}}$







$\eta$ 1 $a$ (resp. $b$ ) $3=d_{a}$ (resp. $1=d_{b}$ ) $\eta\in D(5,3)$ ’






$\rho(\tilde{\eta})=\eta$ 1 $D(5,2,3,2)$ $\rho^{-1}(C_{\eta})=O_{\tilde{\eta}}$
$b$ $a$
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Definition 2.15 ([KP2]) 2 $X_{\text{ }}\mathrm{Y}$ $x\in X_{\text{ }}y\in \mathrm{Y}$
Z $z\in Z$ 2 morphism $\mathrm{Y}arrow\psi Zarrow^{\varphi}X$ $\varphi(z)=x_{\text{ }}\psi(z)--y$
$\varphi_{\text{ }}\psi$ $z$ smooth $X$ $x$ $\mathrm{Y}$ \sim
smoothly equivalent $(X, x)$
$(X, x)$ Sing(X, $x$ )
$G$ $X$ 2 $x_{\text{ }}x’$ $X$ $G$ $\mathit{0}$
Sing(X, $x$ ) $=Sing(X, x’)$ Sing(X, $\mathit{0}$)
Proposition 26
Theorem 2.15 Theorem 2.9,(iii) 2 $i>$ $\tilde{\eta},\tilde{\sigma}\in D(n_{a}, m_{b}, n_{b}, m_{a})’$
ab $\eta=\rho(\tilde{\eta}),$ $\sigma=\rho(\tilde{\sigma})\in D(n_{a}, n_{b})’,$ $\eta’=\pi(\tilde{\eta}),$ $\sigma’=\pi(\tilde{\sigma})\in D(m_{a}, m_{b})’$
. $O_{\tilde{\sigma}}\subset\overline{O_{\tilde{\eta}}}$ $C_{\sigma}\subset\overline{C_{\eta\text{ }}}C_{\sigma’}\subset\overline{C_{\eta’}}$
$Sing(\overline{C_{\eta}}, C_{\sigma})=Sing(O_{\tilde{\eta}}, O_{\tilde{\sigma}})=Sing(C_{\eta’}, C_{\sigma’})$
Remark 216 (i) z(U)=s(U)’ $\epsilon(U)$ smooth morphism $\pi|_{\mathfrak{g}_{\acute{i}}}$ : $\mathfrak{g}_{i}’arrow\epsilon(U)’$
$\epsilon(U)=\epsilon(U)$ ’
} $m_{b}-d_{a}\leq 0,$ $m_{a}-d_{b}\leq 0$
} $m \text{ }+m_{b}\leq\min\{n_{a}, n_{b}\}$
$\Leftrightarrow \mathrm{d}\mathrm{u}\mathrm{a}\mathrm{l}$ pair $(U(n_{a}, n_{b}),$ $U(m_{a}, m_{b}))$ stable range 1
(ii) dual pair $(U(n_{a}, n_{b}),$ $U(m_{a}, m_{b}))$ stable range $C’\in N(\epsilon(U))/K(U)$
$C\in N(\epsilon(V))/K(V)$
$\rho(\pi^{-1}(\overline{C’}))=\overline{C}$






[KP1] H. Kraft and C. Procesi, Minimal singularity in $GL_{n}$ , Invent. Math. 62 (1981),
503-515.
[KP2] H. Kraft and C. Procesi, On the geometry of conjugacy classes in classical groups,
Comment. Math. Helv. 57 (1982), 539-602.
[N1] K. Nishiyama, Theta lifting of twO-step nilpotent orbits for the pair $O(p, q)\cross Sp(2n, \mathrm{R})$ ,
in H. Heyer, T. Hirai and N. Obata (eds), Infinite Dimensional Harmonic Analysis, Trans-
actions of aJapanese-German Symposium held from September 20th to 24th, 1999 at
Kyoto University, 278-289, Kyoto 1999.
[N2] K. Nishiyama, Multiplicity-free actions and the geometry of nilpotent orbits, Math.
Ann., 318,(2000), 777 -793.
[N3] 2000
[N4] K. Nishiyama, Theta lifting of holomorphic discrete series $\mathrm{I}\mathrm{I}$ , In preparation.
[NOT] K. Nishiyama, H. Ochiai and K. Taniguchi, Bernstein degree and associated cycles
of Harish-Chandra modules-Hermitian symmetric case-, Ast\’erisque 273 (2001), 13-80.
[NZ] K. Nishiyama and C. Zhu, Theta lifting of holomorphic discrete series. The case of
$(U(p, q),$ $U(r, s))$ , Trans. AMS 353(2001), 3327-3345.
[O1] T. Ohta, The singularities of the closures of nilpotent orbits in certain symmetric
pairs, Tohoku Math. J. 38(1986),441-468.
[O2] T. Ohta, The closure of nilpotent orbits in the classical symmetric pairs and their
singularities, Tohoku Math. J. 43(1991),161-211.
[Y] H. Yamashita, Cayley trasform and generalized Whittaker models for irreducible high-
test modules, to apper in Ast\’erisque.
134
